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An Erdés weight is of the form W:=e~2 where Q is even and of faster than
polynomial growth at oo. For example, we can take

O(x) :=expg(|x]*), k=1, >0, xeR,
where exp, denotes the kth iterated exponential. We prove Jackson theorems in
weighted L, spaces with norm | fW|| L®) for all 0 <p < 0. These are the first proper
Jackson theorems for Erdés weights even in L. An interesting feature is a Timan—
Nikolskii-Brudnyi effect: The degree of approximation improves towards the endpoints
of a certain interval. By contrast, there is no such feature for Freud weights. © 1998

Academic Press
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1. STATEMENT OF RESULTS

In recent years, there have been many advances in the theory of weighted
polynomial approximation, and orthonormal polynomials, associated with
the weights

Wi=e2 (1.1)

Here Q: R— R is even, and typically grows at least as fast as |x|* some
A>1, at infinity. In some contexts, there has been a distinction between the
case where Q is of polynomial growth at infinity (the so-called Freud case)
and where Q is of faster than polynomial growth at infinity (the so-called
Erdés case). To some extent, this is similar to the distinction between entire
functions of finite, and infinite, order. For further orientation on this topic,
see [7, 10, 15, 16, 21, 22].

! This article is a companion to “Converse and Smoothness Theorems for Erdés Weights
in L, (0<p<o0)” by S. B. Damelin which ran in Journal of Approximation Theory 93,
349-398.
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In this paper, we discuss Jackson theorems for Erdés weights. That is,
we estimate

EL /1wy = il (/= P)W ). (12)

0 <p < oo, where the 2, denote the polynomials of degree at most n.

Our methods are similar to those in [6], where Jackson theorems were
proved for Freud weights. The approach involves approximating f by a
spline (or piecewise polynomial), representing the piecewise polynomial in
terms of certain characteristic functions, and then approximating the charac-
teristic functions (in a suitable sense) by polynomials. This method has the
advantage of involving only hypotheses on @', in contrast with the more
complicated approach via orthogonal polynomials and de la Vallee Poussin
sums, that typically involves hypotheses on Q" [7, 10, 17, 21]. In the Erdés
weight context, some new features arise: the degree of approximation improves
toward the endpoints of the Mhaskar—Saff interval, and to reflect this, we need
a more complicated modulus of continuity, and some proofs become more
involved.

To state our result, we need to define our class of weights, as well as
various quantities. First, we say that a function f: (a, b) — (0, o0) is quasi-
increasing if 3C > 0 such that

a<x<y<b=f(x)<Cf(y).

DerFINITION 1.1. Let W:=e~2 where
(a) @Q:R- Ris even, continuous, and Q' is positive in (0, c0).
(b) xQ'(x) is strictly increasing in (0, co) with right limit 0 at 0.
(c) The function

xQ'(x)
T(x):= 1.3
() ="505 (13)
is quasi-increasing in (C, o) for some C> 0, and
lim 7(x)= 0. (14)
(d) There exist Cy, C,, C3>0 such that
Q' (y) <Q(y)>C2

Do, (22) yexza, (15)

xQ'(x) " Q) ’

Then we write W=e"2¢€6,.
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The archetypal example of We & is
W(x) 1= Wy o(x) :=exp(—expe(|x[¥), k=1, a>0,  (1.6)
where exp, =exp(exp(---)) denotes the kth iterated exponential. For this
weight, we see

k—1
T(x)=ox* [] exp,(x*), x>0.

j=1
It is not too difficult to see that we can choose C,>1 in (1.5) arbitrarily
close to 1 in this case. Another example is

W(x) :=exp(—exp[log(2 +x2)1%), B>1.

Here

_ 28x>

2+x2

T(x) [log(2 +x?)]15-1, x> 0.

Again, we can choose C, arbitrarily close to 1.

The function T measures the regularity of growth of Q. In particular,
(1.4) forces Q to be of faster than polynomial growth at co. The reader is
cautioned that in other papers on Erdds weights [ 14, 17] the function

X0 ()
=1
oM

was used (and denoted by T'), but it has essentially the same rate of growth
as T, for “nice” weights.

We need the condition that xQ'(x) be strictly increasing to guarantee the
existence of the Mhaskar—Rakhmanov—Saff number a,,, the positive root of
the equation

Ti(x):

dt
J1—¢%

If we used something other than «,, we could require less of xQ'(x), namely
that it be quasi-increasing for large x. However, this would complicate
formulations, so is omitted. For those to whom ¢, is new, its significance
lies partly in the identity [ 18-20]

uszlath’(aut) u>0. (1.7)
0

[

HPW”LDO(IR): HPWHLw[fan,an]n Pez, (1.8)

and that «,, is the “smallest” such number.
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Our modulus of continuity involves two parts, a “main part” and a “tail.”
The “main part” involves rth symmetric differences over a suitable interval,
and the tail involves an error of weighted polynomial approximation over the
remainder of the real line. The size of this “suitable interval” is determined
by the decreasing function of ¢,

o(t):zinf{au:a“<t}, > 0. (1.9)
u

Thus o is essentially the inverse function of the function u — a, /u, which
decays to 0 as u — o0.
For 4> 0, an interval J, and r > 1, we define the rth symmetric difference

AN x, J) Zr: < > <x+2 zh> (1.10)

provided all arguments of f lie in J, and 0 otherwise. Sometimes the
increment /1 will depend on x, and on the function

@ (x):= |1 o0

‘ M 72 xer (111

This is the case in our modulus of continuity

w, (f, W,t):= sup | WAh¢(x)(ﬁ X, R)HLP(|x| <o(21)

O0<h<t

+ inf [(f—P) W”Lp(|x|>a(4t)) (1.12a)

Pe?

r—1

and its averaged “cousin”

/4
oW 1) =< f 1WA, 1 X, R)H’ip(|x|<a(zt)) dh>

+ inf (f_ P) WHLP(|x|Za-(4t))- (112b)

PeZ?,
If p= o0, we set

@ (s W)=, (W, 5).
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Observe that
o, (f, W, )<, (f, W, 1)

for every fixed e R.

The inf in the tail is at first disconcerting, but note that it is over polyno-
mials of degree at most r — 1, not n. Its presence ensures that for fe 2 _,,
o, ,(f, W, t)=0. The modulus of continuity is rather difficult to assimilate
(as is the case with all its cousins [ 6, 7] for weighted approximation on R).
A good way to view the function o is that for purposes of approximation
by polynomials of degree at most n, essentially ¢t =a,/n, the main part of
the modulus is taken over the range [ —a,, a,,], and the tail is taken
over R\[ —a,,,, a,,]. Moreover, the function @, describes the improve-
ment in the degree of approximation near +a,,, in much the same way
that ./1 —x? does for weights on [ —1, 1].

It is possible to replace a(2¢) by the somewhat larger term o(¢) — At and
o(4t) by the somewhat smaller term o(¢z) — Bt for suitable A4, B in our
modulus, under additional conditions on Q. However, it hardly seems
worth the effort, as the resulting modulus is almost certainly equivalent to
the above one. As evidence of this, we note that in [3], the first author
proves that the above modulus is equivalent to a natural K-functional/
realization functional.

The following is our main Jackson theorem:

THEOREM 1.2. Let W:=e 2€é,. Let r>1 and 0<p<oo. Then for
J:R— R for which fWe L,(R) (and for p= oo, we require f to be continuous,
and fW to vanish at + o0), we have for n= Cj,

— a, a,
En[f]VV,p<Clwr,p <f’ VI/’ C2n><clwr,p <.ﬁ W7 C2n>’ (113)

where the C;, j=1,2,3, do not depend on f or n.

Remark. We remark that it is possible using the methods of [3, 6] to
prove Theorem 1.2 for n>r—1.

Unfortunately, the modulus w, ,(f, W,t) is not obviously monotone
increasing in 7. So we also present a result involving the increasing modulus

ok (f, W, t):= sup | WA;hqsh(x)(j; X, R)|\Lp(|x|<a(2h))

O0<h<t
O0<t<L

+ inf [|(f—P) WHLP(|x|>o'(4t))' (1.14)

PeZ, 4

Here L is a fixed (large enough) number independent of f; .
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THEOREM 1.3.  Under the hypotheses of Theorem 1.2,

an
ELf1w.,<Csoof, <f, W,c4n>, (L15)

where the C;, j=3,4 do not depend on f or n.

It seems likely that one should only really need 7 =L in the definition of
w} ,, but we have only been able to prove this under additional conditions,
see Section 7.

The modulus of continuity is analyzed in [ 3], and in particular the relation-
ship to K-functionals/realization functionals is discussed. These have the conse-
quence, that at least for p > 1, we can dispense with the constant C, inside the
modulus @, ,in (1.13)or (1.15). For p < 1, this requires extra hypotheses on W.

The paper is organized as follows: In Section 2, we present some technical
details related to Q, «,,, and so on. In Section 3, we present estimates involving
o(t) and @,. In Section 4, we obtain polynomial approximations to W~!
over suitable intervals, and then in Section 5, we present our crucial approxi-
mations to characteristic functions. We prove Theorem 1.2 in Section 6
and Theorem 1.3 in Section 7. Moreover, we discuss simplification of the
modulus ¥, in Section 7.

We close this section with a little more notation. Throughout, C, C,,
C,, ... denote positive constants independent of n, x and Pe £,. The same
symbol does not necessarily denote the same constant in different occurrences.
We write C# C(L) to indicate that C is independent of L. Let (¢,,), (d,) be
real sequences. The notation c¢,~d, means that C, <c,/d,<C, for the
relevant range of n. Similar notation is used for functions and sequences of
functions. In the sequel, we assume that W=e"2e 6.

2. TECHNICAL LEMMAS

Lemma 2.1, (a) For some C;, j=1,2,3, and s=2r = C;,

s CyT(r) Q(S) s C, T(s)
0 <am<) &

Moreover,

<s> QIO T(s)  sQ'(s) < T(s) <S>Cl T(S). (2.2)
¥

- < <
r I(r) "rQ'(r) "T(r)

(b) Given 6 >0, there exists C such that

0
~ | ——— >C. 2.3
T(y) T<y< T(y)>>, y= (2.3)
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(¢) Given A=0, the functions Q'(u)u=* and Q(u)u=* are quasi-
increasing for large enough u.

Proof. (a) Firstly, (2.1) follows from the identity

log@—rmdl

Q(V)_ ro 1

and the fact that T'is quasi-increasing. Then the definition (1.3) of 7 gives (2.2).

(b) We can reformulate (1.5) as

Q(y)>cz_1
O(x) '

T(y)
mﬁ‘*(

Hence for x = y(1 —0JT/(y)), the quasi-increasing nature of T gives

T(y) » T(1)
C4<m< Cl eXp <(C2— 1) fx [dl>

< C,exp <C5 T(y) log i) <Ce.

Recall here that T(y) is large for large y.
(c) From (22)if s=r=C,

Q,(S)SiA > T(s) <s>CzT(r) 1—4

r

Q'(r)r=*" T(r)

> C7.
Here we have used the quasi-monotonicity of 7, and also that if C is large
enough, then C,T(r)—1— A >0 and similarly for O(s)s=4. |

Next, some properties of a,,:

LEmMMmA 2.2. (a) a, is uniquely defined and continuous for ue (0, o0),
and is a strictly increasing function of u.

(b) Foruz=C,

a,0'(a,) ~uT(a,)">; (24)
O(a,) ~uT(a,) . (2.5)

(c) Given fixed p >0, we have for large u,

T(ag,) ~T(a,). (2.6)
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(d) Given fixed o> 1,

S

au 1

1~ 2.7
a. Ty 27
(e) If C,isasin (1.5),
T(a,) < CquX 2= DAG+D = C 3219 (2.8)
with 6 > 0.
(f)y If o> 1, then for large enough u,
O(day,)
=>Cy>1. (2.9)
Qa,) ~ 7
(g) For some Cg, Cy, Cyg, Cyy, Cyp, u=Csg, and L>1,
log( C12L)> Ary log(CyoL)
Ch———7—2 >1+Cy——"-. 2.10
I R (210

Proof. (a) The function u — a,, is the inverse of the strictly increasing
continuous function

1
a—>7J atQ’'(at dt, ae(0, o),
2y et = (0, )
which has right limit 0 at 0 and limit oo at oo. (Note that this function is
continuous even if Q' is not.) So the assertion follows.

(b) For u so large that T(a,) > 2, we have

" _2{f—umw+fl }aﬁQ(%ﬂ dt
a,0Q'(a,) =w[Jo 1-1yr@y] @,0(a,) /1 —¢

2 1-T(@) q,Q'(a,t) 21 dt
<7 T u 12 - - -

- (@) L a,0'(a,) ﬂjl—l/T(au) 1—1¢2
< 2 T(au)l/z w+i T(au)_l/z

n a,0'(a,) m

4 4 8
<7Tmﬂmgggﬁ—+—TWJ””=*TWJ”@

n a,Q'a,) = n

Here we also need u so large that Q(a,) > |0(0)|. So we have

a,Q'(a,) > g ul(a,)'”.
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In the other direction, (2.2) gives for large u,

u _%JI a,tQ'(a,t) dt
a,0'(a,) =ndo a,0(a,) J1—+¢
U T(ay,1) dt
>C 714[C1T(au)
IJ1/2 T(a,) J1—7
>C T(au(l—l/T(au)))< 1 >C1T(“")f1 dt
- w) 1—1/T(a,)

1—
T(au) /1 — [2

T(a
>CyT(a,) 2

Here we have used (2.3) and the quasi-monotonicity of 7. So we have (2.4).
Then (2.5) follows from the definition of T.

(c) We can assume > 1. Then by (2.5), and quasi-monotonicity of 7,

Ciges~| Q&J / o) <

(d) Now
2 1 dt 2 1 dt
au="="1| a,tQ(ayt) > a,0Q'(a,)
nj J1-72 = ‘[au/auu ¢ 1=

2 au/aau 1 dt
o =— “ +J } Ao 10’ (A, t)
77: 0 /ay,

a 1172

U

dt dt

2 1
—+7(l(qu,(a(xu)
vV 1_(a<xut/au)2 n _Lu/am 1—¢
2 d 4 12
< |2 [ asQtaw) 2|+ 00w (1-2)
T

e L TTY0

2 au/aﬂu
’
<;f0 azxulQ (aocu[)

—
|
5%

o

1/2

S}

S
g |=
N

<u+ CuT(a,)'? <1 —
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by (24) and (2.6). Then

1—

a, <oc — 1)2 1
4w \ C ) T(a,)
(e) We apply (1.5) with y =q, and x= Cj;, so that

a,Q'(a,) < CyQla,)™
=uT(a,)"? < Cs(uT(a,) ")

Rearranging this gives (2.8).
(f) For large enough u,

Q(aocu) P T(t)
0(a,) ~ P <L e dt)

u

= exp <C6 T(a,)log <C;““

)) > exp(Cy)> 1,

u

by (d) of this lemma.
(g) From (1.5) with y=a;, and x=a,,

T(aLu) < C <Q(aLu)>C2_l
T(a,) ~ \ Oa,) ‘

This forces C,>1, as the left-hand side — oo as L — co. Then with the
constants in ~ independent of L, (2.5) gives

Q(aLu) l’u’T'(aLu)_l/2
Ola,) ~ uT(a,) "2

Q(aLu>>—<Cz—‘>/2
0(a,)

s

= Q( aLu)
O(a,)

> CL2/(1 + Cz)'

Then using (2.1),

G T(ag,)
<aLu> > CL+6),
a

u

We deduce the right-hand inequality in (2.10) from this last inequality and
the inequality log <t —1, £ > 1. In the other direction, (2.1) and then (2.5)
give
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ay O(ay,)\V(©T@)
u< Lu
(o)

u

—1/2\ 1/(C,T(a,))
L“T(”Lu)> <(Cy L) NG @),

<
Here the constants are independent of L and u. Then the left inequality in
(2.10) follows. |

We finish this section with an infinite finite-range inequality: We provide
a proof because those in the literature [13, 18, 20, ...], don’t quite match
our needs/hypotheses:

Lemma 2.3. Let O<p< oo, s>1. Then for some L, C;, C,>0, n>1,
and Pe 2,,

IPW 1< C1 [PWI| (2.11)

sn> axn) :

Moreover,
_ —12
IPWl i 5 ay < Cre™ 2T T PWl Lo a- (2.12)

Remark. Note that (2.8) of Lemma 2.2(e) shows that for some C;> 0,
and large enough n,

nT(a,) " V?=nS.

Proof. We may change Q in a finite interval without affecting (2.11),
(2.12) apart from increasing the constants. Note too that the affect on «,
is marginal, and is absorbed into the fact that s> 1. Thus we may assume
that Q' is continuous in [ —1, 1]. This and the strict monotonicity of tQ’'(¢)
in (0, c0), allow us to apply existing sup-norm inequalities to deduce that
for Pe %,

1Pl oy < CIPWIlL -4

sn> asn] :

For a precise reference, see [25; 9, Theorem 4.5]. Moreover, the proof of
Lemma 5.1 in [ 13, pp.231-232] gives without change for p < oo

1
|PW|? (a,x) <—
T X

2 1
xlj \PW|? (a,0)dt, x>1.  (213)
—1J_,
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Let {(x)> denote the greatest integer <x. Let 6 be small and positive, let
[:={on)y and let T,(x) denote the Chebyshev polynomial of degree L
Using the identity

T(x)=3[(x+/x*=1)+(x—/x*=1"], x>1, (214)

it is not difficult to see that

lexp<l x—1> xe<1 9>
T,(x)= 2 V2 8 ) (2.15)

EXI’ x>=1

We now let m:=n+I=n+<{dny, m' :=n+2l=n+2{dn)y and apply
(2.13) to P(x) T)(x/a,,) € ?,. We obtain for x> 1,

1 2 1
PWI? (2, %) ST (x) 72— [ |PW|? (a,,0) db.
Tx—1 —1

Replacing a,,x by y, and integrating from a,, gives

J

g Ay 2 ro© -7
e yavs ([ 1w as) (27 g (L)),
ay —a, T e, y—a, a a

Here using (2.15),

[’} —Pd
f y Tl<y> dy
ay Y — 0y, a a

m m

=7 o ray
am mx_1

9/8 1 i
<C<Lm,/amX—1 < f./x— >dx+L/8 pdx>

8 CVAY L 9\
(s oe (e (G1) )+ 6) )

< Cyexp(—CynT(a,) ).

Here we have used (2.7) and our choice of /. Now if ¢ is small enough,
m' <sn. Then (2.12) follows easily, and in turn yields (2.11). The proof for
p = oo is similar but easier. ||
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3. TECHNICAL LEMMAS ON o,

In this section, we present various estimates involving the functions &
and @,. Throughout, we assume that W=e¢~2e &,. Recall that

a(t):zinf{au:a”gt}, t>0;
u

D,(x)= ,1_|x| + T(a(t)) "2 x>0.
o(t)

Lemma 3.1. (a) There exists sy, vy such that for se (0, s,), we can write
s=a,/v, where v=v,. Moreover, we can write

dﬂ=o<j>=amw (3.1)
where
1>o<?>/%=amﬂ%>l—wﬂﬂaﬂ (3.2)
In particular,
G (3.3)

v>o0 U

(b) There exist Cy, C,>0 such that for s/2<t<s, and s<Cy,

1 <M<1 C2
Tals) T T(a(r))

(34)

(c) There exist Cy, C, independent of s, t, x, such that for 0 <t <s < Cy,
D (x) < CrD(x), x| <a(s). (3.5)

(d) There exists Cy, such that for 0 <s<C,, and s/2 <t <s,
D (x)~D,(x), xeR. (3.6)

(e) Uniformly for xeR, and n>= 1,

¢a”/n(x) ~

1 -2 + T(a,) 2. (3.7)

a,

‘ x|
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Proof. (a) The existence of v for the given s follows from the fact that
u— a, is continuous and

The latter in turn follows from the faster than polynomial growth of Q
and (2.5), which implies Q(a,) =o(u). The continuity of a, allows us to
write a(s) = ag,), some B(v). Since

o(s)=0 <a"> <a,

1%

the left inequality in (3.2) follows. For the other direction, we note that by
definition of ¢(a,/v) and f(v), we have f(v) <v and

4pew) %o

S

plv) v

SO

0t (Ol >“2

B(v) Ap) Q(aﬁ(v))

for large enough v, by (2.1). Using (2.5), we obtain

v UT(aU)—1/2 1/2 < v >1/2
I<—<C|—m—"7F—— <C|-— .
NTR <ﬂ(v) T(a,f(v))—“2> <9\

It follows that v < C,f(v) and so v ~ f(v). Then

a
I<—<—>1, v— 00,

B(v) A gy
by (2.7), so we have (3.3). Then (2.7) also gives the right inequality in (3.2).

(b) Write s=a,/u and t=a,/v. Then as o is decreasing,

a\s a
157 _ .

(
o(t)  agq

If we can show that
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which in turn implies that

pu) ~ B(v),
then (2.7) gives
1 >a(s)> | C
“o()” Tl(a,)

which together with (2.6) gives the result. We proceed to establish (3.8).
Suppose that it is not true, say, for example, we can have

Then
50 (3.9)

and (2.1) gives

for large u, v. But from (2.5),

2
<au> <Q(au)~uT(au <cl<c,
a,) ~Qla,) oT(a,)”"? = v

again by our hypotheses on s, . This contradicts (3.9). So we have (3.8)
and the result.

(c) Let 6>0 be fixed. Firstly for 1—|x|/a(s) =d/T(a(s)),

cbs(x)~/1—|x|</1 —Méé,(x).

a(s)

Next, for |1 — |x|/a(s)] </T(a(s)),

@,(x) ~ T(a(s)) "2
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This is bounded by C®,(x) if |1 — |x|/a(t)| = /T (a(s)), for a fixed 0> 0.
Otherwise, we have |1 — |x|/a(s)| <J/T(a(s)) and |1 — |x|/a(t)| <J/T(a(s)),

SO
o0 :<1_|x|>_|x|<0(”_1>‘
’ a(s) a(s)) als)\ |x]|
< C,9/T(a(s)).

If 6 is small enough, we deduce from (2.7) and (2.6) that
T(a(1)) ~ T(a(s))

and again (3.5) follows.
(d) Write s=a,/u and t=a,/v. Then we have (3.8), so

=2 et (-5
41‘(;'?5') {1+0<T<al(s))>} +O<T<al<s>>>‘

Then we obtain for x € R,

?,(x) < CO(x).

The converse inequality follows similarly.
(e) By (a), we can write

an
g ) Apn) = An(1 +o(1)) -

()

Recall that

|x]

ala,/n)

B, o) = ]1 _

Here by (2.6) and (a) of this lemma,
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and much as in (d),

|x]

a(a,/n)

Il

-
a

N‘l—

for large n and |x| < a,;, or |x| > a,,. In the range a,,, < |x| < a,,, both the
left- and right-hand sides of (3.7) are ~ T(a,)~ 2. |

LemMma 3.2. (a) Let L>0. Uniformly for u=1, and |x|, |y| <a,, such
that

x—y| <L ‘l—m , (3.10)
u a,
we have
W(x) ~ W(y) (3.11)
and
o b (3.12)
sy sy,
(b) Let L, M>0. For te(0, ty), |x|, |y| <o(Mt) such that
|x — y| < Ltd(x), (3.13)
we have (3.11) and
D(x)~D(p). (3.14)

Proof. (a) Tt suffices to prove (3.11), (3.12) for large u. Moreover,
(3.11) and (3.12) are immediate for |x| < C, and large u. Let us suppose

that C<x<y<x+ L(a,/u) /|1 —|y|/a,|. Then as Q'(s) is quasi-increasing
for large s,

y—x=0<Q1 > (3.15)
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a,Q'(y) /‘l—ay < Cyu, (3.16)

so that (3.10) implies (3.15) and hence (3.11). If firstly, 0 < y <a, /2, then

, y , 1 dt
@ [[1-2 <Cuom |

dt
1—1¢2

We shall show that

< a,1Q'(a,1) <Csu.

1
1/

.

If on the other hand, a,/2< y<a,,

1 dt
auQ'(y)PS Caf a,tQ'(a,t) =< Cyu.
ay vla, 1—¢

So we have (3.16) in all cases. Next from (3.10) and as y<a,,

.

1 —x/a,, y—Xx < ! >
I—ylay,  au(1—ylay,) u /1= yjas,

=1+0< T(a“)l/2>=1+o(l),

1
————)-1+0(
u«/l—au/a2u> u

by (2.7) and (2.8).
(b) Write Mt=a,/u, so that |x|, |y| <a(Mt)<a,, and we can recast
(3.13) as

x =yl <C1a“[ -y T(au)—”} <l 11
u 2u ay,

u

by (2.7), (3.6), and (3.7). Then (a) gives (3.11), and (3.14) follows easily
from (3.12). |

4. POLYNOMIAL APPROXIMATION OF w—!
The result of this section is:

THEOREM 4.1. For n>= 1, there exist polynomials G, of degree at most Cn,
such that

0< G (x) S W (x), xeR; (4.1)
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and
G,(x)~ W~ (x), x| <a,. (4.2)

We remark that this does not follow from existing results in the literature
on approximation by weighted polynomials of the form P, (x) W(a,x)
[14, 26] as our weights do not satisfy their hypotheses. The methods of
Totik [26] can be applied to give sharper results but we base our proof on:

LEMMA 4.2. There exists an even entire function

G(x)= i gjx2j, g;=20 Vj (4.3)
such that
G(x)~ W' (x), xeR. (4.4)
Proof. Set
01(r) := 0(/7);
and

W) ==rQi(r)=1/r (V7).

Then  is increasing in (0, c0), and if 2 >1, r>r,, the quasi-increasing
nature of Q' gives for some C# C(A),

YO — (=3 /r 0/ (/i C—1)>1

if A is large enough. Moreover, ¢(r) := e admits the representation

¢(r)=¢(1)exp<f:‘”ss)ds>, F>1.

By a theorem of Clunie and Koévari [2, Theorem 4, p. 19], there exists
entire

Gi(r)=) g1, =0 Vj
=0

such that
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Then assuming g,>0 as we can, we see that
G(r) :=G,(r?)

satisfies (4.4). ||

In the analogous construction for Freud weights, the second author and
Z. Ditzian used as the polynomials G, the partial sums of G. However, in
the Erdds case, for partials sums of degree O(n), we only have

G(x)~ W~(x)
for |x| <gq,, where ¢,, is Freud’s quantity, the root of the equation

n=q,0'(q,)

Although a,/q,, — 1, n - oo for Erdés weights, in effect, ¢, is significantly
smaller than a,,. (We cannot properly describe, using only ¢,,, the improve-
ment in the degree of approximation near +a,.) So we use a more
sophisticated interpolant:

Proof of Theorem 4.1. Let J be a positive even integer (to be chosen
large enough later) and let 7,(x) denote the classical Chebyshev polyno-
mial on [ —1, 1]. Let G, denote the Lagrange interpolant to G at the zeros
of T,x/a,)” so that G, has degree at most Jn— 1, and admits the error
representation

1 G(1) (Tx/a,)\’
(G—G»(x)—z,z,-frw(n(t/an)) “

for x inside I". We shall choose " to be the ellipse with foci at +a,,, inter-

secting the real and imaginary axes at (a,/2)(p +p~ ') and (a,/2)(p —p 1),
respectively. Here we shall choose for some fixed small ¢ >0,

p:=1+< ¢ >1/2.
I(a,)

Since G has non-negative Maclaurin series coefficients, and satisfies (4.4),
we deduce that

5n = HGn/G_ IHLOO[—an,an]

W ((a,/2)(p+p7 ") 1
(P_1)2 minteF|Tn(t/an)|J-

<
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Now for te I, we can write t=(a,/2)(z+z~') where |z| =p, so that

|Tn(t/an)| = |Tn(%(2+2_1))| = |%(Zn+Z_n)|
>L(p"—p™") =exp(CynT(a,) 3.

(Recall that nT(a,)”"? - w0 as n— oo and in fact grows faster than a
power of n.) It is important here that C, is independent of J. Next

a, _1 &
= < 1 — <
2 (p + P ) a < + C3 T(a,,)> Aoy

if ¢ is small enough, and n is large enough, by (2.7). Then

w-1 <c12,, (p+ ,01)> <exp(C,0(as,)) <exp(CsnT(a,) ?),

where again it is important that Cs is independent of J. Since (p —1) 7% ~
T(a,) grows no faster than a power of n, we see that choosing J large
enough, gives

Then (4.4) gives (4.2).
We now turn to proving (4.1). It suffices to prove

0<G,<Cw!

for then (4.1) follows on multiplying G, by a suitable constant. Firstly, we
can assume 7 is even (for odd n, we can use G,,;) so that H,(x):=
Gn(\/;c) is a polynomial of degree at most Jn/2 —1 (recall 7, and J are
even) that interpolates to the entire function H(x):= G(\/;c) at the Jn/2
zeros of T, ,,(\/E/an)’ that lie in (0, a,zl). Thus H,(x) is determined entirely by
interpolation conditions. Let y, denote the leading coefficient of 7' ,,(x/\@ ).
Then the usual derivative-error formula for Hermite interpolation gives for
x€(0, o0) and some & =¢(x) e (0, o0),

o, \/;c JH(Jn/Z)(é)
(H— H,)(x) =T, <a> )

n

(Recall that H is entire and has non-negative Maclaurin series coefficients.)
So in R

G, <G CwWL,
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To show that G, >0 in R, we note that it is true in [ —a,,, a,,] and we must
establish it elsewhere. We use an idea employed in the Posse-Markov—Stieltjes
inequalities [ 8, p. 30, Lemma 5.3] (there the proof is for (— oo, o), but the
proof goes through for (0, co) with trivial changes). Now H is absolutely
monotone in (0, ) and H — H,, has Jn/2 zeros in (0, a2]. If m is the number
of zeros of H,(x) in [a2, o), Lemma 5.3 in [8, p.30] gives

Ji Ji

j+m<deg(H,,)+ 1 <l.

2 2

So m =0, that is, H, has no zeros in (a2, c0). Thus H, >0 there, so G, >0
in R |

5. POLYNOMIALS APPROXIMATING CHARACTERISTIC
FUNCTIONS

Our Jackson theorem is based on polynomial approximations to the
characteristic function y, ,7 of an interval [a, b]. We believe the following
result is of independent interest:

THEOREM 5.1.  Let [ be a positive integer. There exist J, C,, ny such that
fornzngand te[ —a,, a,], there exist polynomials R, . of degree at most
2lJn such that for x e R,

te.ag— Roal (x) W)/ WD) < C, (1 +”'X_T'>_l. (5.1)

Ay 1— |T|/a2n

We emphasize that the constants J, Cy, n, are independent of #, z, x.

Remark. The method of proof of Theorem 5.1 in the unweighted case
goes back to an old paper of Brudnyi [1]. We also make heavy use of
polynomials from [12] built on the Chebyshev polynomials.

LEMMA 5.2. There exist C,, B, ny such that for n=n, and |{| < cos n/2n,
there exists a polynomial V, . of degree at most n—1 with

”Vn,C”LOC[—l,l]:Vn,C(C):I; (5.2)

B /1]

V()< ,
Vel <= Y

re(—1 D\{C). (53)
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Moreover,
1= <C Y—", (54)

The constants are independent of n, {, t.

Proof. The assertions (5.2), (5.3) are Proposition 13.1 in [12]. The
estimate (5.4) follows from the classical Bernstein inequality. |

The polynomials R, . are determined as follows: Let us suppose that,
say,
a<t<4a,.
Later on, we shall suppose that 7 exceeds a fixed positive constant. We
define

[i=— (55)

Ar1jn

and if the G,, are the polynomials of Theorem 4.1,

R, 50 Vo ¢ (8/az) leS (5.6)

SO n n C S/a2lJn)leS.

The parameters t* > 1 and J are defined as follows: Let 4 € (0, 1] denote
the constant in the quasi-monotonicity of Q’, so that

Q(y)=AQ'(x), y=x=1. (5.7)
Let M denote a positive constant such that for say, u > u,,
0'(x)<MQ'(a,), 1 <x<a,, (5.8)
The existence of such an M follows from (2.4), (2.6). We set

2ln

Aa,Q'(7) /1L

H:=H(n, 1) := (5.9)

and if t=a,,

% :=1*(n, 1) —mm{aZ,, ,,,r+2 /1= HlogH} (5.10)



356 DAMELIN AND LUBINSKY

The reason for this (complicated!) choice will become clearer later. We
assume that J >4 is so large that G, has degree at most Jn — 1, and also

J=16M/A, (5.11)

where A, M are as above. We also assume that J is a multiple of 4. Note
that then R, . has degree at most Jn + [Jn. We first record some estimates
of the terms in (5.6):

LemMmA 5.3. (a) For n=n,, and C,<t<a,, we have
o* s Iy a
W(r)j G, (s) V,,,C< > ds=>C, " J1-¢, (5.12)
0 A21Jn n

where Cy# Cy(n, 7).

(b) For xe (T> a21Jn)5

D3tm s\ a nilx—t| \~'
v, < > ds<C "4/1—g<1+> (5.13)
Jx ¢ a2l]n ' n an \ 1_C

and for x € (—dayy,, T),

x 172 _ —1
j V,,,¢< i > ds<C1a;,/1—C<1+n|XT|> L (5.14)

— D A21gn

Here C, # Cy(n, 7).

Proof. (a) Let us denote the left-hand side of (5.12) by I". By (4.2)
and (5.4),

T a
-1 /1 —
r= C2 W(T) J“r—cg(ﬂn/n)\/l—f W (S) dS>C4 n ! C’

where we have used (3.11) of Lemma 3.2(a).

(b) These follow in a straightforward fashion from the estimates
(5.2), (5.3) and the fact that J >4, so IJ2>1+1. |

Now we begin the proof of Theorem 5.1. We first show that it suffices to
consider 7 in the range [ S, a,], for some fixed S.

Proof of Theorem 5.1 for |t| < S, where S is fixed. Note first that since
for such 7,

W(x)/W(t) < W(0)/W(S), xeR,
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we must only prove there exists R, , of degree at most n such that

1
n J—
|x[f,an]—Rn,r|(x><cl<1+')”') ,

a, V 1— |T|/a2n

for |x| <a,,, and then our infinite-finite range inequality Lemma 2.3 gives
the rest. Setting here ¢:=t/a,, s:=x/a,, and U,  s):=R, .(x)=
R, (a,s), we see that it suffices to show

Ixre 19(8) = U, &(5)| S Cy(1 +n ls—¢]) 4 se[—2,2].

We have used here that |¢] <3, for large n. The existence of such polyno-
mials is classical. See, for example, [4]. One could also base them on the
V,. . above. |

It suffices to consider T€[ S, a, ], where S is fixed. Once this is done, we
have the result for all 7€ [0, a,]. With the result for >0, we set

Rn, —r(x) ::l_Rn,‘c(_x): xeR.

It is not difficult to check the result for —7 from the corresponding result
for 7, using the identity

X[—T,an](x):l_x(‘r,an](_x)a xe[a—naan]' I
In the sequel, we define R, , by (5.5)—(5.10).

It suffices to prove (5.1) for t€[S, a,] and |x| <ayy,. Then (5.1) for
this restricted range implies

(] e

where C, # C4(n, 7). Since the polynomial in the left-hand side has degree
at most 2/ + Jn + LJn <n2lJn, some fixed # <1, if />2 and n is large enough
(as we can assume), then the infinite-finite range inequality Lemma 2.3 gives

e[l ) i

Then (5.1) follows for |x| = ay;,. |

C,
< Cyn®,
L[ —ayyms a2y ]

< Csexp(—n).

L (Ix| = ay,)

We can now begin the proof of (5.1) proper. We consider 5 different
ranges Of X2 [07 T)a [Ta T*]n (T*s an]a (ana a2IJn:|a [_aZIJna 0) MOTCOVCF, we
set

A(X) = |X[T,an] _Rn,‘r| (x) W(x)/W(T)
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Proof of (5.1) for xe[0, 7). Here using (4.1), and then (5.12),
Wi(x) jo Vi e( (8/ay,)"” ds
Wiz n( ) Va, é(s/ay,n)”ds
yo “(s)V, n, 5(S/a211n) ds
) (a,/n)/T—C
Sg V,,,g(s/awn)”ds

<C
(an/n)\/ I_C

by the monotonicity of W. Then (5.14) gives the result. ||

A(x) =

Ev

Proof of (5.1) for xe[z,t*]. Here
W(x) fc* G,(s) Vn,c(S/azan)U ds
W(z) (T)* G,(s) Vn,c(s/azun)”ds
Cff: exp(Q(s) — O(x)) V¢ (s/az)” ds
(an/m) /1—C
by (4.1) and (5.12). Now for se(x, t*), the property (5.8) of Q' gives
(recall 7* <a,,)

O(s) — Q(x) < MQ'(a,)(s —x) S MQ'(7)(s — 7).

A(x) =

Then using our bounds on V, , in (5.2), (5.3), we have

A(x)gCIK exp(MQ'(t)(s — 7)) min{ 1, Bay, /1 —{/(n(s—1))} 7 ds
(azim/n) /1 =C

n(c* —7)/Bayy, /T—C Aoy 2IMBu Y
ex min<{l, - du
a AH u

n

e J
n(x —1t)/Bay;y, /1 —¢

1 17/2
g(u) min {1,} du
u

J<(2/B) Hlog H

~
n(x —1t)/Bay;, /1—¢

for say n>=n, =n,(J, [) by (5.10), and where
() 1= 4IMBu\ : 1 vz
gu) :=exp | —r— Jmin o L= .

We claim that if J is large enough,

2
g(u) < Cs, ue{O,BHlogH},
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with C; independent of 7, n. Firstly we claim that if / is large enough,
H>e; H>e?? (5.15)
uniformly for te€[S, a,] and n>=nyJ, ). First recall that B, J, A, M are

independent of / (see (5.3), (5.7), (5.8), (5.11)). Then also from (3.16)
forte[S, a,]

with C# C(n, 7, /). Then from (5.9),

_ 1/2
H>£ 1 —1/a,, '
AC\1 —t/ay;,

Here for n=ny(J, 1), using 1 —u <log(1/u), ue (0, 1], we obtain

| —7/ayy, _ T 1 — a5,/
1— T/aZn Aoy 1— T/aZn
1
<1+ 108/ Bn) | ¢ o0y,
1 _an/a2n

by (2.7) and the left inequality in (2.10). Thus for n > ny(J, [), uniformly for
tel[S,a,l],

H> Czl )
Jlog lJ

So (5.15) follows if we choose / large enough. Then

4IMB

o > ue (0, 1].

o) <exp<

Next, by elementary calculus, g has at most one local extremum in [ 1, c0),
and this is a minimum. Thus in any subinterval of [1, o0), g attains its
maximum at the endpoints of that interval. In particular, we must only check
that g((2/B) H log H) is bounded. Note that by (5.15), (2/B) Hlog H>e > 1.
So

2 &M J) JI 2
z - oM J _Ji < <
g(BHlogH> exp(llogH{A 2} 210g{BlogH}>\l
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as J = 16M/A (see (5.11)) and H = e®?. So we have

[eS) 1 172
A(x)<c4j lcmm{l,u} du

n(x —1t)/Bay;,
and then (5.1) follows as J>4. |
Proof of (5.1) for xe(t*, a,]. Here

L* G,( (S/aZIJn )U ds
sO n S/aZIJn)lJ dS

5 exp(Q(s) — O(x)) V,, ¢ (s/ay;,)" ds
(a,/n)/1—C

T3y o) fEEE 14
<C2n<eQ(2) Q()fz VM( s > 5
l—é T*

a, A21sn

x s 124
T+Xx d a
2 2lJn

THX\ _o(x *__ -1
<C3{6Q( £x) Q(){“rn(f T)}

a,/1—C

+{1+%} _I} (5.16)

by (5.3) and (5.13). Here if 7* > (7 + x)/2, the first term in the last two lines
can be dropped and we already have the desired estimate. In the contrary
case, we must estimate the first term. We note that we can assume that
t* <a,, for otherwise the current range of x is empty. We consider two
subcases (recall the definition (5.10) of 7*):

(I) z*=1+2(a,/n)/1—{Hlog H. We shall show that

A(x) =

__ OX)—=0((r+x)/2)
llog(1 +n(x —1)/a, \/Q)

Then the first part of the first term in the right-hand side of (5.16) already
gives the desired estimate; the second part of that first term can be bounded
by 1. By quasi-monotonicity (5.7) of @',

00~ 0(5F)z a0 (55

> 1. (5.17)




JACKSON THEOREMS FOR ERDOS WEIGHTS 361

Setting

we have

F>AQ’(r)(an/n) VI1=Cu u
- 21 Tog(1 4 u) ~ Hlog(l+u)

(Recall that H was defined at (5.9)). But

n(t*—1)
a,/1-=¢

Recall from (5.15) that H>e. Then since the function u/log(1+u) is
increasing for u>2H log H > e, we obtain

=2H log H.

2Hlog H
~ Hlog(1+2Hlog H)’

Using the inequality 1 +2¢log <t ¢ >2, we have

>ZIOgH_1

“log(H?)
So we have (5.17) and the result.
(IT) t*=a,,. In this case, from (2.7),
ar

™ —T=a, —d,~ -
" T(a,) T()

Now if 7* <x <7(1 +(1/7(7))), then
X—T~1¥—71

and the second part of the first term in the right-hand side of (5.16) already
gives the desired estimate (the first part of the first term can be estimated
by 1). If x> (1 +(1/7(z))), then

X 1 1
ron” Mmoo
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for large 7, so from (2.1),

0(x) I
Q((X+r)/2)><l +3T(r)> >G>l

(Recall that (*4F)>7.) Then

aT(*57)

1+n(‘["‘—r)
a,/1-¢

This will admit the desired estimate, namely

T4 x —1 -1
2% )—Q(X){ } <6—04Q(x){1+ Csne } .

a,T(t)/1-C

nx—1) 17!
c {1+}
° a,/1-¢
provided
eCo T 5 oy g
T~ 7
But
o0 _~ eGetn
et T(T)/CS T(x) = Co0(x) = Ciox > Cio(x —71)

by (2.5), (2.8), and the faster than polynomial growth of Q, so we have the
desired estimate. ||

Proof of (5.1) for xe(a,, a,;,]. Here, much as in the previous range,

W(X) z)CGn(S) Vn,{(s/aZIJn )Uds
W(T) 6* Gn(s Vn,C(S/aZIJn)leS

Alx)=

o (*%%) o) j%x

)

n ¢ \¥
<c< v, < > ds
za,”/l—C 0 oy,

. s \V
+ v, < > ds>
JHTX A

<C {QQ(’?)QMJ{H n(x—1) ]"}
x (3 .

a,/1—¢

We must show that the first term on the last right-hand side admits a
bound that is a constant multiple of the second term on the last right-hand
side. Let us write x=a, (so v=n) and (t+x)/2=a, (so that u<v). If
firstly u >n/2, then
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T+ X
2

001 - (57> CuQallr—1)> € - Tl (61

n

> "2 S rog <1 M) N >

an\/l_c an\/l_C

by (2.4),(2.7). (Recall that {=7t/ay;,.) In this case the result follows. If
u<nj2,

T+X

0(x)—0 ( > > 0(a,) — Oldyy)

> Cy0(a,) > ConT(a,) 2= Cionn

by (2.5), (2.8). Since

the result again follows. ||

Proof of (5.1) for xe[ —ayy,,0). Here using the evenness of W and
(4.1), (5.12) as before gives

. W(x) jg G,(s) V,,,C(s/azun)l]ds
B W(T) 6* Gn(s) Vn, C(S/aZIJn )U dS

n 2 s \¥ 02— o) [° s\
o ([ e ) wvemen [ v (2] )
2 a, /1= \'x "\ AV

— - —!
<C3{1+”|X/2T|} +eQ(X/2)Q(x){1+nT} }

a,/1—-¢ a,/1—¢

Here |x/2 — 7| =(|x]/2) + t ~ |x —7|. Also, if |x| <7, then t~ 7+ |x| = |x —1|.
Otherwise (recall 7> S), we have

A(x)

e —0() < o= GO L o= G M < (Cy |x]) 72

Again as |x| 7= Cg(7 + |x|) = Cg |x — 7|, the result follows. ||
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6. THE PROOF OF THEOREM 1.2

In this section, we prove Theorem 1.2. Recall that our moduli of continuity
are

wr, p(f; Wa t) ‘= sup ” WAZ¢,(x)(f; X, |R)”Lp(lxl <o(21))

O<h<t

+ inf  (|(f' = P) Wl £ox) > oary)
Pe?

€
and
1t 1/p
o, (f, W, 1) := (JO WA (1. X, R)pr(|x|<a(2z)) dh>
+Pei;f,1 I(f = P) W Ly1x1 > o(a0))»
where

a(t)=inf{au:a"<t}.
u

We need further moduli of continuity. If 7 is an interval, and f: I - R, we
define for >0,

/p
A, (fit,1):= sup <L|A;,(f, X, I)|pdx> 6.1)

O0<h<t

and its averaged cousin

1 rt 1/p
Q, (fit, 1)::({[0 L|A§(f, X, 1)|1’dxds> . (62)

Note that for some C,, C, depending only on r and p (not on f, I, t)
C1<Ar,p(f; Za 1)/Qr,p(f: Z: 1)<C2 (63)

It seems that (6.3) first appeared in [23]. See also [4; 24, p. 191].
For large enough n, we choose a partition

— A, =T, <T1, <+ <T,,=4d, (6.4)
such that if

Ikn = [TknDTk+l,n]7 nggn_la (65)
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then uniformly in k£ and n,

a |Tkn|

| ~— 1= (6.6)
n

Aoy

(/1| denotes the length of the interval 1.) We also set 1, := (J. There are
many ways to do this. For example, one can choose 7, , := —a, and for
1 <k <n, determine 7, , by

Joer (/1= lslfay,)ds 1

Tkl

or,, (/T Isljaz,) ds 1

Let us set
n—1
:[_anaan]: U Ikn) (67)
k=0
On(X) :=x 12, a1(X) =2y 1, (X), (6.8)
and
It =1, 01 ., 0<k<n—1. (6.9)

By Whitney’s theorem [24, p. 195], we can find a polynomial p, of degree
at most r, such that

Lf = Pl gy < Cody, (S ], TE) (6.10)

with C, # C,(f, n, k, I,).
Now define an approximating piecewise polynomial/spline by

1

L,[f1(x) := po(x) Oou(x) + ni (Pe=Pr—1)(x) Op(x).  (6.11)

k=1

We first show that L,[ ] is a good approximation to f:

Lemma 6.1. Let ¥,:[ —a,,a,] > R be such that uniformly in n, and
xel[ —a,, a,]l,

¥ (x)~ o (6.12)

Aoy
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Then for 0 <p < o0,

I = LLSDWIE ()

n Colaym
<C { f

a, Yo

1WA, R, a]dh+|f'W|{p(|x|>an)}

< Gyl sup | WAhq/(x) fox, R)”f‘p[_an’an] + HfWHPLP(m >“n))'

0<h<Cy(a,/n)

(6.13)

Here C;# C;(f,n), j=1,2, 3. Moreover, the constants are independent of
{¥,}, depending only on the constants in ~ in (6.12). For p =0, (6.13)

holds if we remove the exponents p.

Proof. We first deal with p < co. Now

n—1

I =L LDV ) = Z A+ 1IWIL 1215 >

where
A= [ 1f=LLAYP W,
Ijn
Note that in (z;,, 7,, 1, ,), L,[ f]1=p;, so that

A= Vf=plo W

n

<IWIL, o,y CEAT (G 1) (by (6.10))

. C; (v
<IWIZ e, IW lnzw(,;)ﬁjo f WAL f. x, I3)|? dox ds,
jn

by (6.2), (6.3). Now from (3.11) of Lemma 3.2(a),
H WH’]QQQ([];) H W_IHIL]OO(IJ;) ~1
uniformly in j and n. Moreover, uniformly in j, n, and x e [}

jns

x| a
G ~— [1——~—= ¥, (x).
n ay, N

(6.14)

(6.15)

(6.16)

(6.17)
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Then we can continue (6.16) as

]n
p
< |L*f |WALf, x, TE)|? ds dx

C [I51/%,(x)
, X J‘ | WA};Y’ (x)(.f’ X, jn)|P dt d-x
| | I* 0 n
n Cela,/n)
<C57J J | WAy oo %, 1) dx d. (6.18)
ay o I

Adding over j gives

Ce(ay,/n)
Z Ajn\ JO f | WALy (x)(f; x, R)|? dx dt.

This and (6.14) give the result. Note that we have also effectively shown
that

n—1

ZQ 151, 1) Wo(ty,)

n jCG(an/n)

N

fHMme&MVMﬁ (6.19)
1, "

For p = oo, the proof is similar, but easier: We see that

I/ =L,L/D WL, @)

<max{0 max H(f—Pj) W“Lw(ljn)a HfW”Lwﬂlean)}'

<jsn—

The rest of the proof is as before. |

Now we can define our polynomial approximation to f:

PLf1=po(X) R, (X)+ ¥ (pe—Pr_1)(X) R, . (x).  (6.20)

Note that this has been formed from L,[ f] of (6.11) by replacing the
characteristic function 0,(X) =y, 4 (X) by its polynomial approxima-
tion R, . (x) formed in the previous section.
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LemMa 6.2, Let {¥,}, be as in the previous lemma. Then for 0 <p < o0,

ILLST=PLSD WL, w)

1/p

N

n Cia/n .
(E " 1wt fo Ry

n

A
(621)

For p = o0, this remains valid if we replace the p th powers by appropriate sup
norms.

Proof. We see that if we define p_(x)=0,

n—1

(LLAT=PLDX) = Y (Pe—Pr—)(X)(Opu(x) = R, o (x)).  (6.22)

k=0

We shall make substantial use of the following inequality: Let S be a poly-
nomial of degree at most r, and [a, b] be a real interval. Then for all xe R,

min{ |x —al, |x —b|
b_

IS(X)ISC(b—a)_””<1+ }> STz, ra 67 (623)

Here C+# C(a, b, x, S) but C= C(p, r). This follows from standard Nikolskii
inequalities and the Bernstein—Walsh inequality. See, for example, [24,
p. 193]. Hence for xeR, and 1 <k<n—1,

|x_Tkn|
|Ikn|

This is still true for k=0 if we recall that p_;=0. Now for 1 <k<n—1,
(6.10) gives

P pea ) < Clag |~ (14 ) 10e= P

k
| Px— Pr—1 HLI,(I,(,,) <C; Z Ar,p(f; [I51,13),
i=k—1
where C, # C,(f, k, n). This remains true for k=0 if we set
|I—l,n|::|10n|; |I*—l,n| ::|Izl)<n ’ T—l,n::TOn;

and

Ar,p(f; |I*_1’n|7 I*—l,n) = ”fHLp(I(’)“n):: ‘Qr,p(_f; |Ii1’n|; Iﬂil’n)‘
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Since (see (3.6), (3.7), (6.6)) uniformly in k, n, and x € R,

|X—Tkn|~1+|X—Tk—1,n|

1+
|]kn| |Ik71,n|

we obtain from (6.23) and Theorem 5.1, uniformly for 0 <k <n—1 and
xeR,

W
(k= P Ops3) = Ra o ()] S
k |X—T- r—1
<G ¥ (BT o, il 62
i=k—1 |Iin|

We consider three different ranges of p:

(I) 0<p<1. Here from (6.22) and then (6.24),

n—1

[ LLA=PLAIW?PS Y [ Upi—peil 100 — Ry oy | W)?
R k=0"R
n—1
< Z |Ikn|71 Qf,p(f; |Il>ckn|alltn) Wp(fkn)
k=—1
Ix—rkn|>("””
x| (14— dx. 6.25
JR( |Ikn| ( )

Here if (r—1)p< —1,

— (r—=Dp
|1k,,|1fR<1+|XT""|> de=| (14 lul)" =7 du=: C; < oo

|1kn|
So
J, (LLA=PLwY<C, Y00 LB I8 Woe).
k=—1
This is the same as our sum in (6.19) except for the term for k= —1. So

the estimate (6.19) gives the estimate (6.21), keeping in mind our choice of
Q, (I, 1% ).
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(IT) 1<p<oo. From (6.22) and (6.24) and then Holder’s inequality,
ULLLAT=P,LA11 (x) W(x)}?

5 —1/p | — T [\ AL ’
<C z |1kn| l+——— Qr,p(f! |Ikn|91kn) W(Tkn)

k=—1 |Ikn|

n—1 (r—0p/2
X—7T
<c’y uk,,w(u' bl

k=—1 |Ikn|

PSR ) WP(Th) - Si(x)774, (6.26)

where ¢ := p/(p—1) and

n—1 _ (r—10q/2
S,x) =Y <1+W> .

k=0 |Ikn|
We shall show that if (r —/)g/2 < —1, then

sup sup S,(x)< C, < 0. (6.27)

n=1l xeR

Note that S,(x) is a decreasing function of x for x >a,=r1,,, so it suffices

to consider x € [0, a, ]. Recall that

nns

a |Tsen |
|Ikn|~|lk+1,n|~l 1— - .
Aoy

It is then not difficult to see that

< no|x—ul ><”)"/2 du
R Sl

n (%
S X C,— o S1— ul/a,,
n(x) < 2 . Jfa” a, m m

1 nlx—s (r—10)q/2 dS
< (1)
—1

where X := x/a,,, so that

l—x>1—a,ja,,>C,T(a,) ' = Csn=2
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We make the substitution (1 —s)=(1 —x)w to obtain

—-x _ (r—10)q/2
x)<C3n\/1fif:/(l )<1+n\/ix|mi/‘;1|> 2 j%

- 1/2 n./1—=x]1r=ba2 gy,
<C4n«/1—x{£) |:1+\/rv :| ﬁ

3/2
+j [14+n/1—%|w—1]1C~D92 gy
1/2

2/(1—x)

+ [1+n/(1-x)w]"~ ”q/z\d‘[v}

3/2 w

(We can omit the third integral if 2/(1 —x)<3/2.) We now make the
substitutions w =n?(1 —X)v in the first integral, v=n./1 —x (w—1) in the
second integral, and v=n%*1—x)w in the third integral. It is then not
difficult to see that the resulting terms are bounded independent of n and
x if [ is large enough. (The least obvious is the first integral: there we need
to ensure that (r —/) g/4—1/2>=0, so that the integrand is bounded after
the substitution.) So we have (6.27). Then integrating (6.26) and using
(6.19) gives our result.

(ITI)  p = c0. Now

IL,.LS]1—=P,L/](x)

n—1

<C Z |pk7pk—1| (x) |0kn7Rn,Tk”| (x) W(x)

k=0

n—1 |X—Tk| (r=1)
<C  max Q,,,,<ﬁ|1,tn|,1zn)W<rkn>-z<1+"> .

—1<k<n-—1 k=0 |Ikn|

As before, the sum is bounded if / is large enough. Then we can continue
this as

<C{ sup sup AL % B Wz gy + 1/ WL g
o<k<n—1 0<h<|I},|

<Cy{ sup sup ([ Ahp 0 s X L) Wl oy + IS WL, j
0<k<n—1 0<h<Ca,/n

<Ci{ sup |4 () L, RYWlL (—a.ay+ IS WL s )} |

0<h<Ca,/n
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We can now turn to the

Proof of Theorem 1.2. Now recall that R, , has degree at most 2/J/n,
where J is as in the proof of Theorem 5.1. So P,[ /] has degree at most
2lJn+r. So, if M :=31J, we have for large n,

Ern 1w, p < I(f =Pl D Wl w)

<SCU Ll D Wi+ 1Ll ST = PLSD W 0}

n rGayn/n 1/p
< Cl {<\[ HAZWH(X)(f; X, R) WH;,P(—an,an) dh>

a,’o
+ HfWHLP(|x| zan(lcz[nT(an)l/z]l))}' (6.28)

Here we have used Lemmas 6.1 and 6.2, and also (6.6), which implies that

a a

© T,
as, n

an
g1~ J1-
Furthermore, at this stage, the functions {¥,} are any functions satisfying
(6.12): they will be explicitly chosen later. Next for
Mn<j<Mn+1) (6.29)
we write
n=Kj,

where x = k(j, n). Note that

1
We set
Ma;
ti=t(j)=—=2
(/) 3
Note that then
1 Mna, 1
! Y 2 (140(1), n- o (6.31)
a,m 3 j a, 3
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Let > 3. We claim that for large enough #,
a,(1—Cy[nT(a,)"*1=") = a(p1). (6.32)
To see this, note from (2.8) that
[nT(a,)"?] ' =0(T(a,) ")

so that by (2.7), if 1 >a>3/p,

anu—cz[nT(an)”Z]‘)zan<1—o<T1 >>>aw

>a<a°‘">=a<3;[l +0(1)]>>0(ﬁt),

an

for large enough j, by first (3.2) and then (6.31). Next, we claim that if
0 <y <3, then for n large enough,

a,<o(yt). (6.33)
To see this, note that by (6.31) if 1 <d<3/y

Van
3n

an
G(Vt)=U< [1 +0(1)])>0<(5;>:“6n<1+o<1>)>“n‘

Here we also used the fact that ¢ is decreasing, and also (3.2), (3.3) with
n large enough. Since also a,,/n <4t for large enough n, we can recast (6.28)
as

E][f]W,ngMn[f]VV,p

1

4ct i lp
< {(5 [ b 5 ROV o )

1SN 215 2(,(4,))}. (6.34)

We now turn to our choice of { ¥, }: we must ensure that (6.12) holds with
constants independent of x, j, and n, that is,

X
v~ 1= <a,
a2n
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But for this range of x,

|x| | x| _
\/1 ——~ [I=—=+T(ay,) "~ D (4, 2m)(X) ~ D (X)

Aoy Aoy

by Lemma 3.1(d), (e¢). We choose /i, :=h/(4C) and ¥, :=®,/(4C) so that
h¥,=h,®,, a choice satisfying (6.12). Then we rewrite (6.34) as

4C Up
Ej[f]W,p<C1 {<21j |4 hl ,(x)fx R) WHL( a(21), o’(2t))dh >

+ HfWHLp(lxl 2a(4t))}'

Replacing f by f— P, with a suitable choice of P,e % _,, we have for
large enough j,

Ej[f]W,p:Ej[f*Po]W,p

1 rt 1/p
<G {(, fo “Azlqb,(x)(f’ x, R) W”Z,(—a(zn, a(21)) dh1>
+II(f— Po) WHLP(|x| ;o(4t))}
1y/4
<2G; {< f 4, P (x) (fs x, R) WHzp(fa(Zt), o(2t)) dh1>

+ 1nf |(f—P)W|Lp(|x|>a(4z))}

r 1

_ _ Ma;
= Cat S W)= C, (£ WS
For use in [3], we record the following form of Theorem 1.2:

THEOREM 6.3. For n>1, let A(n)e[%, 1]. Then
an
En[f]W,p<C165r,p<f, w, Cz)v(”)n>, (6.35)
where Cy, C, do not depend on n or f or {i(n)}. Moreover,

ELfwy<Ciinf @, (AW Cp™) (630

pel4/5 1]
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Proof. Obviously (6.36) implies (6.35). The only difference to the above
proof is that for pe[%, 1], we choose

fo= pti— 4;
1:=pLi=p 3/
to replace ¢ above. Then from (6.31),
L p
==(1 1
=5+

and here p/3e[+%, 1]. Then as 4p > 3, (6.32) above shows that
a,(1—Cy[nT(a,)'?17") = a(4pt) = a(4t;)
and as p <1, (6.33) above shows that
a,<a(2pt)=0(2ty).

Moreover, for large enough n, a, /n <311+ 0(1)) < 4t,. Choosing i, :=h/(4C)
and ¥,(x) := @, (x)/(4C) we note that (6.12) holds uniformly in p. We proceed

as before to obtain

_ pa;
E‘j[f‘]W',p< Cla)r,p <f> Wa CZ ]j>

with constants independent of p, f, j. |

7. THE PROOF OF THEOREM 1.3
We begin with a technical lemma, which refines part of Lemma 3.1:

LemMA 7.1. (a) For 0<s<t<C,

T(a(t))(l—a(t)><C1 log <2+t>. (7.1)
a(s) s

(b) For0<s<t<C,

xew(piggcz llog <2 +;> (72)

S

sup
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Hence, given y >0,

@ o<, (73)

sup

xeR

Proof. (a) We write s=a,/u and t=a,/v. Note (with the notation of

Lemma 3.1) that

aﬁ(u) = O'(S) = G(Z) = aﬂ(v))
so f(u) = f(v). Using the inequality

1
1—u<log-—, ue(0,1]
u

we obtain
o(t) a(s) . g
T R R
log C(p(u)/B(v)) . log C(B(u)/p(v))
SO T T T 7Y

by (2.10). Next, f(u)=u(l+o(1)), and similarly for S(v), so it suffices to
show that

t
1og%< C, log <2+S>. (7.5)

But from (2.1) for s <¢ and small ¢, and then from (2.5),

)i QL)
vis a O(a,)

127 12 12N 122 12
< Cl M < C2 M < C3 g
vT(a,)~"? vT(agy)~"? v

as f(u) = p(v). So

<u> "< c,t (7.6)

and we have (7.5).
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(b) Now if x>0,

X X o(t)
<1‘m\+<\1‘m\“>’1‘m

‘ X

Since o(s) = a(t), also
T(a(s)) "' < Ci3T(a(1)) V2

So (7.2) follows. |

We turn to the proof of Theorem 1.3. We provide full proofs only where
the details are significantly different, and otherwise refer back. We begin
with an analogue of Lemma 6.1 for L,[ ] of (6.11).

LEmMmaA 7.2.
(=L LS DWWl m<Cil sup  [WALe (/i X, R)L—a. a1
7 0 <h<ay,/(3n) # 4
0<‘c<nL
+ HfWHLp(|x|>an)]' (7.7)

Here L is independent of f, n.

Proof. We do this for p<oo. Recall that the crux of Lemma 6.1 is
estimation of

A= [, V=P W< Q0 L ITR1 1507 W)

_G 05
<7 J[ \WA(f, x, I%)|” ds dx. (7.8)

We now choose L >0 such that for 0 <h <1,

(7.9)
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This is possible by (7.2). Now we choose

a n
OnilX) = L' E Dyt n(X), =1

Note that by (7.9),

1 1
Sup n,k+l(x)<

—. 1
SO ) 2 (7.10)

In view of (6.6), (3.6), and (3.7), we may assume that L is so large that
uniformly in n, j, xe I}

jn>

an
G S LS Byl X) = L, 0(x); 1]~ 0,1 ().

Then from (7.8),

4,<Cy |

*
Ijn

JLZ;H‘ I |
0

A p
5,,,1(x)|W (f, x, I};)|? ds dx

L5, 1(x) 1

=C | WAL S, x, I)|7 ds dx
4‘[1* Z j ,,k+1(x) 5n 1(X) /

0 1(X)
=C WA L x, T¥)|? dr dx
4L* Z jwnm(x)/&nk(x) 5n,1(x)| w00l % )l

© k—1 .r
<C4j Zl <2> L WA, ol fox. TP dr d.

Ik
Then

n

—1 k—1 .r
,,,\c4j Z() [, 175, ol o, R de d

= —ay k=1

an
<20, swp [ (WAl (fx R dx.
0<h<a,,/(3n)* —a,
O0<t<L

The rest of the proof is as before. |
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The analogue of Lemma 6.2 is

LEMmA 7.3.

(LS~ PLSD W e

<C { sup l WA;hqsh(x)(fa X, R)HLP[—an,an] + HfWHLP(Ig‘”)}-
0<h<a,,/(3n)
O0<t<L

Proof. This is exactly the same as the proof of Lemma 6.2, except that
we substitute for (6.19) the estimate of Lemma 7.2. ||

Proof of Theorem 1.3. This follows from Lemmas 7.2 and 7.3 exactly as
Theorem 1.2 followed from Lemmas 6.1 and 6.2. ||

Finally, we briefly show that under some additional conditions on Q, we
can use the simpler modulus

wfp(f, W,t)= sup | WAthqsh(x)(fa X, R)”Lp(lxléa'(Zh))

O0<h<t

+ inf ||(f—P) WHLP(|x|>a(4z))~ (7.11)

PeZ?, _,

We shall assume in addition to We & that Q" exists and is non-negative in
(0, o0), and

g((;c))~ QQ((;C)) xe(0, o). (7.12)
Moreover, we assume that
2
IT'(x)| < C, T)gx), x>C,. (7.13)

Using (7.12) and the methods of proof of Lemma 2.2 in [13, p. 209], we
obtain

L~ — uzC, (7.14)
and hence

<u>~_.; u>C,. (7.15)
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Since u — a,,/u is then strictly decreasing for large u, we obtain the identity

a<">=au, uz=Cs. (7.16)

Differentiating this and using (7.14), (7.15) lead to

a'(t) 1
~ = 0<t<C 7.17
o ey ISt (7.17)
and then using (7.13), we obtain
d
’ta’t T(a(l))’éCsT(a(Z)), 0<t<Cy. (7.18)
These last two bounds easily give
d
S| <cie (1.19)
for
|x] &
0<t<Cs; l——— | = . (7.20)
’ ‘ a(1)|~ T(a(1))

Here ¢ is any fixed positive number. We now estimate 4, a little differently
from the way we proceeded after (7.8). Let us make the substitution
s=Lt®,(x) in the right-hand side of (7.8) and keep our choice of L, J,, ;(x)
to deduce that

J“sn/@") 1
0 5n, l(x)

C 3 a, /(3n) |
= f J 3 lOg < > | WALtQ) (x)(fﬂ X, jn)lp dl dx
das, 1*

by (7.19) and (7.2). In applying (7.19) we must ensure that the range
conditions in (7.20) must hold for x € I}, and 7 < a,,/(3n). In fact if |x| <a,,
then

4,<Cq |

13 WA L, 0> X, TP

[@(wmw

B “ . a
e S S s N
a(t) a(as,/(3n)) A3n(1 + o(1))

> CyT(a,) ' = CoT(a(1)) !
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by (3.2), (3.3), then (2.7) and then (2.6). Thus

n—1 C.3n ran as,/(3n)
Y A<= [ og <2+ >|WAL,¢(X)(f,x, R)|” dt dx
j=0 as, —a, *0
a, 1 1
<Co s [T WA (xR | flog (247)
0<t<as,/(3n) 0 s

So under the additional conditions on Q we obtain

Elflw ,<Coonf <fWC10n>. (7.21)

We note that these additional conditions (7.12) and (7.13) are certainly
satisfied for W, , of (1.6).

10.

11.

12.
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